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Abstract: Blood flow through permeable microcirculation in the presence of a composite 

stenosis, an external magnetic field and convective heat transfer was examined. A two-

layered model for the blood consisting of a fluid-particle suspension in the core region with 

a peripheral cell-free plasma layer was used. The proposed system of equations was solved 

and plots were generated. In the presence of permeable walls, an external magnetic field 

and convective heat transfer, the temperature of the blood, friction-factor Reynolds number 

and Nusselt number were investigated. The temperature of the blood increased when the 

Hartmann number increased, Darcy number increased, haematocrit level increased or the 

peripheral layer thinned. The friction-factor Reynolds number product increased as the 

haematocrit, Hartmann number, stenosis height or Darcy number increased. The Nusselt 

number decreased as the Hartmann number, haematocrit, stenosis height or Darcy number 

increased. These results were interpreted in terms of the physical situation. This study aids 

in understanding the effects of wall permeability, a magnetic field and the presence of heat 

transfer on different diseased arterial systems in the future. 
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Nomenclature 

z     Axis along the tube    p  Pressure 

r     Axis normal to the tube axis   𝑎0 Erythrocyte radius 

R1    Radius of central layer    𝑢𝐵  slip velocity 

(R-R1)  Radius of surrounding Newtonian fluid layer 𝜇𝑠 Suspension viscosity 

𝛿    Maximum height of stenosis   M   Hartmann number 

𝛿1.   Maximum height of bulge at the interface Da  Darcy number 

α   Ratio of radius of central core to the tube  Pc  Peclet number 

C   Volume fraction density of the particles   𝛼𝑠  slip parameter 

 (p, f)   Quantities related to (particle, fluid) phases 𝐾  medium’s permeability 

σ   Electrical conductivity of the fluid  ζ ratio of diffusivities 

𝐵0   Component of the magnetic field applied φ ratio of conductivities 

T   Blood’s temperature (in Kelvin)   k0  plasma thermal conductivity 

𝑆  Modified drag coefficient of interaction    Ti  temperature in the inner region 

kf    thermal conductivity of fluid    T0  temperature in the outer region 

Nu  average Nusselt number    𝑇𝑚 mean temperature 

https://doi.org/10.47412/VYBY3868
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 (𝑢𝑓, 𝑢𝑝, 𝑢0)  Velocity axial components of (core fluid, particle, peripheral fluid)  

1. Introduction 

Studies involving an examination of different effects on blood flow through a blood vessel with stenosis 

are crucial in understanding what happens as blood flows in the vessels of patients with atherosclerosis. 

Since cells and organs are extremely sensitive to temperature changes, it is important to identify factors 

which can alter the temperature of blood. Temperature distribution during hyperthermia in large blood 

vessels has been presented by Lagendijk [1] and was in keeping with the experimental results of Torell and 

Nilsson [2]. From this, many theoretical studies involving heat transfer on blood have followed. Forced 

convection heat transfer was introduced to a laminar flow in various parallel porous channels to examine 

the effect of the porous channel [3]. Since vessel walls in microcirculation are permeable, this feature must 

be included in such studies. 

A similar numerical study of the thermal performance in a microchannel was conducted by Raisi, Ghasemi 

and Aminossadati [4] which included both slip and no-slip conditions. Temperature jump was not 

considered as the flow in a microchannel was being examined. It was revealed that heat transfer rate was 

affected by varying the solid volume fraction and slip velocity coefficient at high Reynolds numbers. 

Viscous dissipation effects have been included when examining slip magnetohydrodynamic (MHD) flow 

and heat transfer past a permeable surface [5]. Hydromagnetic and thermal slip flow boundary layers over 

a flat plate was studied by Rahman [6] which included convective boundary conditions. Temperature jump 

conditions due to slip flow were neglected which was reasonable following the observations of Martin and 

Boyd [7].   

The Bio-heat equation can also be used in the study of heat transfer in blood [8]. Heat from a heat source 

has also been included on a MHD blood flow [9]. The micropolar fluid was used by Das [10] to examine 

slip effects on MHD flow toward a shrinking vertical sheet and then by Mahmoud and Waheed [11] for 

MHD and heat transfer with heat generation and slip velocity over a stretching surface. Using the Bingham 

Non-Newtonian fluid, MHD peristaltic flow in an eccentric annulus was researched and temperature was 

found to increase with increasing Hartmann number [12]. Two phase flow in the presence of stenosis and 

heat transfer concluded that heat increased with the haematocrit parameter as well as with viscous heating 

[13].  

Other studies involving MHD and heat transfer used the nanofluid. MHD boundary layer flow with heat 

transfer was considered over a convectively heated non-linear permeable sheet by Daniel [14]. Radiative 

heat transfer on MHD blood flow in an inclined tapered stenosed porous artery was examined [15]. 

Blood has been modelled as a nanofluid through an artery with composite stenosis and permeable walls in 

the presence of heat transfer only [16]. Tripathi and Kumar Sharma [17] explored MHD flow of blood 

through an inclined porous artery with heat transfer using a Newtonian fluid model. However due to the 

nature of blood, a two-layered model is suitable for examining flow in microcirculation [18, 19]. The effect 

of heat transfer on two-layered blood flow through a composite stenosis in the presence of a magnetic field 

has been researched by Sankar, Rao Gunakala and Comissiong [20] but the permeability of the vessel wall 

was not considered. Thus, it is critical that blood flow through stenosis with permeable microcirculation be 

considered when examining blood flow in the presence of an external magnetic field and heat transfer. 

In this study, the effects of wall permeability in the presence of an external magnetic field and forced 

convective heat transfer were examined. A two-layered flow through a composite stenosis with permeable 

vessel walls was utilized. Temperature profiles were generated and the effect of wall permeability, the 

magnetic field, haematocrit and stenosis height on the friction-factor Reynolds number and Nusselt number 

were examined in the presence of the stenosis. 
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2. Methodology 

Consider the two-layered model for blood flow in microcirculation in the presence of a mild, axially 

nonsymmetric and radially symmetric composite stenosis, permeable walls and an external magnetic field. 

The blood vessel is assumed to be circular, uniform and of semi-infinite extent with rigid walls. The wall 

near where the stenosis if formed was assumed to be solid. Entrance, end and special wall effects are not 

considered since it is also assumed that the length of the vessel is much greater than its radius. Blood was 

represented by a two-layered model consisting of a central layer of erythrocytes suspended in plasma and 

a surrounding Newtonian fluid layer. To this however, heat transfer in the form of forced convection occurs. 

 

Figure 1: The geometry of the problem. 

After non-dimensionalising and assuming further that (
𝛿

𝑅0
) ≪ 1 , 𝑅ⅇ (

𝛿 

𝐿0
) ≪ 1 and (

𝑅0

𝐿0
) ≅ 𝑂(1) for a mild 

stenosis, the following equations were derived. The geometry of the stenosis manifested [20] in Fig. 1 is  

( 𝑅, 𝑅1) =

{
 

 (1, 𝛼) − 2(𝛿, 𝛿1)(𝑧 − 𝑑); 𝑑 ≤ 𝑧 ≤ 𝑑 +
1

2

(1, 𝛼) −
(𝛿,𝛿1)

2
{1 + 𝑐𝑜𝑠2 𝜋 (𝑧 − 𝑑 − 

1

2
)} ; 𝑑 + 

1

2
 ≤ 𝑧 ≤ 𝑑 + 1

( 1, 𝛼 );  otherwise

                (1) 

The stenosis starts at 𝑧 = 𝑑  and reaches its maximum height where  z = d +
1

2
 .  Including the presence of 

the Lorentz's force, in the core region, (0 ≤ r ≤ R1), a macroscopic two-phase model was used and in the 

peripheral region, R1 ≤ r ≤ R, a Newtonian fluid model.  

The equations governing the blood flow are given by  

(1 − 𝐶)
𝑑𝑝

𝑑𝑧
= (1 − 𝐶) 

𝜇𝑠

𝑟

𝜕

𝜕 𝑟
(𝑟 

𝜕 𝑢𝑓

𝜕 𝑟
) + 𝐶𝑆(𝑢𝑝  − 𝑢𝑓) − 𝑀

2𝑢𝑓 , 𝑅1  ≤ 𝑟 ≤ 𝑅          (2) 

𝐶
𝑑𝑝

𝑑𝑧
= 𝐶𝑆(𝑢𝑓  − 𝑢𝑝), 𝑅1  ≤ 𝑟 ≤ 𝑅      (3) 

      
 𝑑𝑝

𝑑𝑧
= 

1

𝑟

𝜕

𝜕 𝑟
(𝑟 

𝜕 𝑢0

𝜕 𝑟
) − 𝑀2𝑢0 , 0 ≤ 𝑟 ≤ 𝑅1                                       (4) 
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where 𝑀 = (√
𝜎𝐵0

2𝑅0
2

𝜇0
)  is the Hartmann number. The suspension viscosity is given by  𝜇𝑠(𝐶) =

1

1−𝑚𝐶
,  where 

  𝑚 = (7 ×  10−2 )ⅇ𝑥𝑝[ 2.49𝐶 + (
1107

𝑇
) ⅇ𝑥𝑝(−1.69𝐶) ] [16].  

The modified drag coefficient of interaction is 𝑆 =  4.5 (
1

𝑎0
2)

4+3(8𝐶−3𝐶2)
1
2+3𝐶

(2−3𝐶)2
 [17].  

In this case, the boundary conditions are given as  

𝜕 𝑢𝑓

𝜕 𝑟
 =  

𝜕 𝑢𝑝

𝜕 𝑟
 = 0, at 𝑟 = 0,     (5) 

𝑢0   =  𝑢𝑓  , at 𝑟 =  𝑅1,    (6) 

𝜕 𝑢0

𝜕 𝑟
 = (1 − 𝐶)𝜇𝑠

𝜕 𝑢𝑓

𝜕 𝑟
 , at 𝑟 = 𝑅1,       (7) 

𝑢0   =  𝑢𝐵  , at 𝑟 =  𝑅,    (8) 

𝜕 𝑢0

𝜕 𝑟
 =

𝛼𝑠

√𝐷𝑎
(𝑢𝐵 + 𝐷𝑎)

𝑑𝑝

𝑑𝑧
 , at 𝑟 = 𝑅1,    (9) 

where 𝐷𝑎  ( =
𝐾

𝑅0
2 ) is Darcy's number [18,19]. The system of equations given by Eqns. (2) - (4) were solved 

subjected to Eqs. (5) - (9) in the presence of the stenosis from Eq. (1). 

Assuming a constant heat flux applied on the wall, the following are the forced convection equations [21]. 

The equation in the inner region is given by  

ℰ𝑃𝑐𝑢𝑓
𝜕𝑇𝑖

𝜕𝑧
= 

1

𝑟

𝜕

𝜕 𝑟
( 
𝜕 𝑇𝑖

𝜕 𝑟
)      (10) 

and the equation in the outer region as 

ℰ𝜁𝑃𝑐𝑢0
𝜕𝑇0

𝜕𝑧
= 

1

𝑟

𝜕

𝜕 𝑟
( 
𝜕 𝑇0

𝜕 𝑟
)       (11) 

where ℰ =
𝑅0

𝐿0
 , 𝜅𝑓 =

𝑘𝑓

𝜌𝑓𝑐𝑝
, 𝜁 =

𝜅𝑓

𝜅0
 is the ratio of the diffusivities and  𝑃𝑐 =

𝑅0𝑈0

𝜅𝑓
 is the Peclet number. 

The flow rate is 𝑄 = 𝜋𝑉, where the mean velocity, 𝑉, is given by  

𝑉 = 2 {∫ 𝑟𝑢0
𝑅

𝑅1
𝑑𝑟 + ∫ 𝑟[(1 − 𝐶)𝑢𝑓 + 𝐶𝑢𝑝]

𝑅1
0

𝑑𝑟}        (12) 

The mean temperature, 𝑇𝑚, is given by 

 𝑇𝑚(𝑧) =
2

𝑉
{∫ 𝑢𝑓𝑇𝑖

𝑅1
0

𝑟𝑑𝑟 + ∫ 𝑢0
𝑅

𝑅1
𝑇0𝑟𝑑𝑟}        (13) 

For this uniform flow, it is assumed that for all temperatures, a constant gradient (denoted by G) acts in 

the axial direction, that is, 

𝜕 𝑇𝑖

𝜕 𝑧
= 

𝜕 𝑇0

𝜕 𝑧
= 

𝜕 𝑇𝑚

𝜕 𝑧
= 𝐺                      (14) 

The boundary conditions for the temperatures are given by 

𝜕 𝑇𝑖

𝜕 𝑟
 = 0, at 𝑟 = 0,                (15) 
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𝑇0   =  𝑇𝑖   , at 𝑟 =  𝑅1,                (16) 

𝜑
𝜕 𝑇𝑖

𝜕 𝑟
 =

𝜕 𝑇0

𝜕 𝑟
 , at 𝑟 = 𝑅1                   (17) 

𝜕 𝑇0

𝜕 𝑟
  =  

𝜑

ℰ
  , at 𝑟 =  𝑅,                   (18) 

      𝑇𝑚  = 0, at 𝑧 = 0.                     (19) 

where  𝜑 =
𝑘𝑓

𝑘0
 is the ratio of the conductivities. 

3. Results and Discussion 

By integrating the relevant governing equations, expressions for velocities, 𝑢0 , 𝑢𝑓and 𝑢𝑝 were in keeping 

with those of Sankar et al [20] with the mean velocity given by 

𝑉 =  2 {
𝑘1

𝑀
(𝑅𝐼1(𝑀𝑅) − 𝑅1𝐼1(𝑀𝑅1) +

𝑘2

𝑀
(𝑅1𝐾1(𝑀𝑅1) − 𝑅𝐾1(𝑀𝑅)) +

𝑘3

𝑀𝛾
(𝑅1𝐽1(𝑀𝛾𝑅1)) − (

𝑑𝑝

𝑑𝑧
) (

𝑅2

2𝑀2
+

𝐶𝑅1
2

2𝑆
)}  

The following expressions were obtained for the temperatures, 

𝑇𝑖 = 𝐺𝑧 −
ℰ𝑃𝑐𝐺

𝑀2
(
𝑘3

𝛾2
𝐽0(𝑀𝛾𝑟) +

𝑟2Φ

4
) + 𝑐1            (20) 

              𝑇0 = 𝐺𝑧 + ℰ𝜁𝑃𝑐𝐺 (
𝑘1

𝑀2
𝐼0(𝑀𝑟) +

𝑘2

𝑀2
𝐾0(𝑀𝑟) −

𝑟2Φ

4𝑀2
+ 𝑐2ln (𝑟)) + 𝑐3      (21) 

where Φ =
𝑑𝑝

𝑑𝑧
 and 𝐺, 𝑐1, 𝑐2, 𝑐3, 𝛽1, 𝛽2, 𝛽3, 𝛽4, 𝛽5, 𝛽6 were found by utilizing the appropriate boundary 

conditions. The friction-factor-Reynolds number product, fRe, is given by  

𝑓𝑅ⅇ =
4

{

𝑘1
𝑀
(𝑅𝐼1(𝑀𝑅)−𝑅1𝐼1(𝑀𝑅1)+

𝑘2
𝑀
(𝑅1𝐾1(𝑀𝑅1)−𝑅𝐾1(𝑀𝑅))

+
𝑘3
𝑀𝛾

(𝑅1𝐽1(𝑀𝛾𝑅1))−(
𝑑𝑝

𝑑𝑧
)(

𝑅2

2𝑀2
+
𝐶𝑅1

2

2𝑆
)

}

                      (22) 

The average Nusselt number is used to gauge the rate of heat transfer to the blood. It was computed 

numerically using the formula,  

𝑁𝑢 =
2

𝑇0(𝑅,𝑧)−𝑇𝑚(𝑧)
 .                           (23) 

Additionally the Peclet number was assumed to be 0.03 for a microvascular flow [22]. Simpson's rule was 

used on the integrals which needed to be evaluated numerically. Plots for these solutions were provided 

using 𝐿 = 1, 𝑑 = 0,  
𝑑𝑝

𝑑𝑧
  = −50, 𝜁 =  ℰ = 𝜑 = 1, 𝛼   = 0.3 , 𝐶  = 0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6,  𝑀 = 2, 4, 6, 8,  

𝛿 = 0, 0.05, 0.1, 0.15, 0.2, 𝑃𝑐 = 0.01, 0.02, 0.03, 0.04, 0.05 and √Da = 0, 0.01, 0.02, 0.03, 0.04 [8, 13, 18, 19, 21]. 

On the introduction of convective heat transfer, the following temperature profiles shown in Figs 2 and 3 

were obtained. Temperature became elevated when the red blood cell count, the magnetic field strength and 

wall permeability increased. The trend observed in Fig. 2 is in agreement with the observations of El-Sayed 

et al. [12] and Sankar et al [20]. From the relationship between the two, it is clear that the thickness of the 

peripheral layer decreases with increasing haematocrit. Thus the temperature rises when this peripheral 

layer thins.  
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Figure 2: Variation of temperature with haematocrit (where  𝑀 = 4 and√𝐷𝑎  = 0.02). 

and with Hartmann number  (where 𝐶 = 0.4 and √𝐷𝑎  = 0.02). 

 

Figure 3 in which the temperature increases with the Darcy number indicates that temperature increases as 

the wall permeability increases. This must be taken into consideration and monitored in patients who take 

drugs which can alter wall permeability. 

 

Figure 3: Variation of temperature with Darcy number (where 𝐶 = 0.4 and 𝑀 = 4). 

In general, fRe increased in the upstream of the stenosis growth and reached its maximum at the point where 

the stenosis height was at its greatest and then decreased downstream. It is clear from Figs 4-6 that fRe 

inclined with increases to haematocrit, Hartmann number, stenosis height and the Darcy number. Since fRe 

varies inversely to the velocity, this is in keeping with previous observations of a decline in the fluid's 

velocity with increasing red blood cell count, magnetic field strength and stenosis growth [20]. 
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Additionally, it is expected that fRe would decline as the peripheral layer thickens.                           

 

Figure 4: The effect of varying haematocrit on fRe (with 𝛿 = 0.15,𝑀 = 4 and √𝐷𝑎 = 0.02 ) 

and varying Hartmann number on fRe (with 𝐶 = 0.4, 𝛿 = 0.15 and √𝐷𝑎 = 0.02). 

 
Figure 5: The effect of varying the stenosis height on fRe (with 𝐶 = 0.4, 𝑀 = 2 and √𝐷𝑎 = 0.02) 

                                       

Figure 6: The effect of varying the Darcy number on fRe (with 𝐶 = 0.4, 𝛿 = 0.15 and 𝑀 = 2). 

There was a decrease in the rate of heat transfer as blood flowed through the vessel. Increasing the red 

blood cells in the vessel decreased the rate of heat transfer as flow progressed over the stenosis (see Fig. 7). 

This decrease in rate transfer was also noted by Tripathi and Kumar Sharma [17]. Thus the rate of heat 

transfer would increase as the peripheral layer thickens (as the red blood cell count diminishes). As the 
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Hartmann number increased, the Nusselt number decreased (see Fig. 7). Thus on introducing the magnetic 

field and increasing its intensity, less heat and energy loss is expected. 

 

Figure 7: Variation of Nusselt number with haematocrit (where 𝑀 = 8, 𝑃𝑐 = 0.03, 𝛿 = 0.1 and √𝐷𝑎 = 0.02 ) 

and with Hartmann number(where 𝐶 = 0.4, 𝑃𝑐 = 0.03, 𝛿 = 0.1 and √𝐷𝑎 = 0.03 ). 

In Fig. 8, it was observed that as the stenosis height increased there was a very small decrease in the Nusselt 

number. This can be useful in the analysis of heat transfer in patients with atherosclerotic plaque.  

  

Figure 8: Variation of Nu with the stenosis height (where 𝐶 = 0.4, 𝑃𝑐 = 0.03,𝑀 = 4 and √𝐷𝑎 = 0.02 )      

With increasing permeability reflected by increasing Darcy number in Fig. 9, the Nusselt number decreased. 

Thus, in the presence of an external magnetic field, the rate of heat transfer decreased as the wall became 

more permeable. 
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Figure 9: Variation of Nu with Darcy number (where 𝐶 = 0.4, 𝑃𝑐 = 0.03,𝑀 = 2 and 𝛿 = 0.1 ). 

4. Conclusion 

In this study of blood flow in permeable microcirculation in the presence of a magnetic field and heat 

transfer where a composite stenosis was manifested, a two-layered model was used for blood. It consisted 

of a peripheral, Newtonian, plasma layer with a two phase, particle-fluid suspension in the core region. The 

fluid's temperature, friction-factor Reynolds number product and Nusselt number were examined.  

The study of the effect of varying haematocrit is important to predict the effect on blood flow in patients 

with diseases such as polycythaemia, hypertension, plasma cell dyscrasias and Hb SS-sickle cell where 

haematocrit varies. In patients with an elevated red blood cell level or those exposed to high intensity 

magnetic fields, a rise in the temperature of the blood is possible. Increasing wall permeability increases 

temperature so this must be taken into consideration and monitored in patients who take drugs which can 

alter wall permeability. Medication such as angiotensin-converting enzyme (ACE) inhibitors, 

antihistimines, betablockers, calcium channel blockers, nonsteroidal anti-inflammatory drugs, 

decongestants and sildenafil can affect vascular permeability [23].  

 

On introducing the magnetic field and increasing its intensity, less heat and energy loss is expected. The 

rate of heat transfer decreased as the wall became more permeable. As haematocrit increases or as the 

atherosclerotic plaque growth progresses, if the patient is exposed to heat, it can be predicted that there 

would be a slight decline in the heat and energy loss taking place.  

 

The results obtained without considering the presence of a peripheral layer, stenosis, permeable walls, an 

external magnetic field and heat transfer can be used to analyse a mixture of particles in a fluid within a 

circular cylinder in any physical situation.   
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