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Abstract: Computational intelligence methods may be effectively used to control power 

system settings automatically to achieve optimal operating power systems objective functions 

and ensure optimal load flows while fulfilling system constraints. Economic dispatch of 

power systems involving large interconnected areas or zones require optimum and efficient 

allocation of the power to ensure efficient transferred output power to the systems in the 

various zones. One approach in achieving optimum dispatch of the power generated is to 

model the system as a Multi Area Emission Economic Dispatch (MAEED) optimization 

problem. One such formulation could be the minimization the running cost and emission 

objective functions subject to generator power limits, power balance and tie-line capacity 

constraints. This paper provides a survey of some of the existing research on both single area 

and multi area economic dispatch problems respectively and discusses the associated methods 

used in solving these different problems. Based on this study, we propose a candidate 

approach to address multi area economic dispatch problems using a semidefinite 

programming (SDP) method and we outline the associated computational and performance 

advantages. 
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1. Introduction

In the optimization of power systems operation, the attainment of the minimum power production cost, 

efficiency, reliability and better operating condition such as reserve sharing, improved stability and operation 

under emergencies can be accomplished by interconnecting power systems located in different areas or zones. 

The topology of the power systems network can either be single area or multi-area, depending on the number 

of generating units. The resulting Multi-area Economic Emission Dispatch optimization problem involves the 

optimum placement of the generating units so as to achieve optimal objective functions subject to load balance, 

generator limit, transmission line and tie-line constraints. The amount of power generated locally in the various 

zones and transferred to other areas using the solution of MAEED problem is based on the tie-line constraints 

and the power network constraints. Other advantages of multi-area power systems are to ensure operation 

continuity, optimum power systems schedule, reduced frequency and power deviation during large 

interconnected load changes, and transfer of power energy from a particular sub area to other areas. These 

objectives can be achieved via the tie-lines connections within the zones 

The objective of this study is to review some of the existing works on single area and multi area economic 

dispatch problems, investigate the existing optimization methods and develop an improved method used in 

solving these economic dispatch problems.  Figure 1 shows a typical four-area interconnected power system 
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network with tie-lines while Fig. 2 shows the number of publications with the associated algorithms involved. 

The abbreviations for the algorithms in Fig. 2 are presented below with their definitions obtained from [1]. 

Where ANN - Artificial Neural Network, BA- Bees Algorithm, BGO- Bi-criterion Global Optimization, CM- 

Component Model, CT- Computational Time, CUF- Commitment Utilization Factor, DE- Differential 

Evolution, DP- Dynamic Programming, DS- Direct Search, DWDP- Dantzing Wolfe Decomposition 

Principle, EM- E-constraint Method, EP- Evolutionary Programming, ES- Expert System, FL- Fuzzy Logic, 

GA-  Genetic Algorithm, GAMS- General Algebraic Modeling System, GSA- Gravitational Search 

Algorithm, GSM- Grid Service Model, HA- Heuristic Approach, HS- Harmony Search, JM- Jacobin Method, 

LA- Lagrange‘s Algorithm, LI- Lambda Iteration, NFM- Network Flow Modelling, NR- Newton Raphson, 

PS- Pattern Search, PSO- Particle Swarm Optimization, PTDF- Power Transfer Distribution Factor, QP- 

Quadratic Programming, RMI- Remote Method Invocation, SAMF- Sequential Approach with Matrix 

Framework, SDP- Semi-definite Programming, TSA- Tabu Search Algorithm, UCA- Unit commitment 

Approach. 

 

Figure 1: A four Area Network with Tie-lines Power Transfer [1] 

Many published works have addressed multi-objective optimization problems in a single area network but 

only few have considered multi-area multi-objective problems. Some of the optimization techniques that have 

been used in solving these optimization problems are meta-heuristic methods and have been used to attain 

only a set of feasible candidate solutions. Examples are Artificial Neural Network (ANN), Virus Optimization 

Algorithm (VOA), Genetic Algorithm (GA), Particle Swarm Optimization (PSO), Weighted Aggregation, 

Harmony Search (HS), Differential Evolution (DE), FireFly algorithm (FF), Gravitational Search Algorithm 

(GSA), and Seeker Optimization Algorithm (SOA). As a result of the stochastic nature of these algorithms, 

the attainment of the ideal global optimal solutions is not certain as they require multiple runs, generating 

different solutions in each run. On the other hand, the semidefinite programming (SDP) method is a convex 

optimization technique, not a population based algorithm and it has been useful in attaining global optimal 

solution over several runs if the formulation problem is convex and the relaxation is tight. Even for non-

convex problems, semi-definite relaxation of the problem provides a convex estimate that gives an easily 

computable bound for the problem. SDP has been applied to optimal power flow and economic dispatch 

problems, and it is currently an active area of research. In the rest of the paper we first present in Section 2, a 

discussion of the stochastic optimization methods involved in solving  
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Figure 2: Number of Publications versus Algorithm [1] 

multi-objective economic dispatch (MOED) problems on single area networks and multi-area networks 

respectively. Then in Section 3 we consider the SDP method for solving MOED problems on single area 

networks as well as multi-area networks.  

2. A Survey of Stochastic Optimization for Single and Multi-Area Networks 

Several studies have considered various problems on multi-objective economic dispatch formulations using 

the Particle Swarm Optimization (PSO) algorithm. The PSO is a metaheuristic algorithm which mimics the 

behavior of a flock of birds, and is capable of solving complex problems. The technique operates by using a 

set of candidates called particles which are accelerated and gradually changed from one generation to another 

via inter-particle collaboration and contest. A possible solution is then generated by each particle in a swarm. 

The particles then explore the problem search space finding the best solution. The changes that occur in the 

movement of every particle are based on its own accumulated knowledge of moving in the environment and 

that of their neighbors. Some of the applications of PSO related to MOED problems can be found in [1]−[11]. 

The limitations of the metaheuristic methods are; they involve random iteration for their execution and the 

attainment of the ideal optimal solutions are not guaranteed in this case. In addition, they are unable to handle 

problem constraints correctly, which lead to multiple solutions that are non-feasible. 

A single area multi-objective economic emission load dispatch was discussed in [12] considering wind power 

penetration using a gravitational search algorithm approach. This work presented the emission reduction of 

nitrogen oxides (NOX) and optimized fuel cost, considering both thermal generators and wind power units in 

an economic emission load dispatch (EELD) problem. The method is an example of the evolutionary technique 

for which the attainment of the global optimal solutions is not guaranteed.  

An effective approach situation using fuzzy self-adaptive learning particle swarm optimization technique for 

solving dynamic economic emission dispatch problem which integrates wind power units on a single area 

network has been studied in [13]. The stochastic objective functions are reduced to their equivalent 

deterministic problems by taking the expectation of the random power variable. The velocity of the random 

particles is increased by adjusting the inertia weight factor, and/or eliminating local optima, and improving 
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the overall performance and efficiency of the particle swarm optimization. The method reported in the work 

is classified as a heuristic algorithm with inherently multiple optimal solutions over several runs. 

In [14], the authors propose a PSO algorithms that incorporates a real-valued mutation (RVM) operator with 

a view to attain global search capability in solving two real-world economic dispatch (ED) models with non-

smooth cost function considering multiple fuel types and/or valve-point loading effects. The method reported 

in the work is classified as an evolutionary population-based algorithm and again optimal solutions are not 

guaranteed. 

A single area multi-objective dynamic economic emission dispatch (DEED) problem which incorporates wind 

power units is presented in [15] and solved by using a PSO algorithm. DEED simultaneously minimizes total 

electrical energy costs and emissions over a 24-hour time span. The associated stochastic DEED (SDEED) 

problem is transformed into an equivalent deterministic scenario-based DEED. Thus, the PSO technique is 

also validated with complicated nonlinear, non-smooth, and non-differentiable SDEED problems, to achieve 

the best solution for the corresponding scenarios. In this regard, the performance of the method is characterized 

by various proposed metrics.  

In [16], a Quasi-oppositional teaching learning based optimization (QOTLBO) has been proposed as an 

efficient optimization method used to solve non-linear multi-objective economic emission dispatch (EED) 

problems of electric power generation with valve point loading implemented on a single area. The proposed 

method has been performed on 6, 10 and 40-units systems to achieve EED solutions. The proposed approach 

gave improved minimum running fuel cost and emission in a smaller computational time compared to other 

evolutionary optimization methods. The methods reported in the work are classified as evolutionary 

algorithms and population based algorithms.  

A combined economic and emission dispatch (CEED) model was considered in [17] using a new population 

based meta-heuristic algorithm known as Virus Optimization Algorithm (VOA) approach for solving this 

problem. VOA showed better performance results and computational efficiency compared with the other meta-

heuristic tools (GA, PSO, HS, DE, FF, GSA, and SOA). The methods reported in the work are classified as 

heuristic, populated based algorithms.  

The authors in [18] proposed a novel hybrid particle swarm optimization and gravitational search algorithm 

(HPSO–GSA), used to solve economic emission load dispatch (EELD) problems, considering various 

practical constraints such as generator ramp rate limits, the non-convex and discontinuous nature of prohibited 

operating zones, non-smooth characteristic of valve-point effects, multiple fuels type of generation units, and 

transmission losses in feasible power systems. The methods reported in the work are classified as evolutionary 

algorithms and it is limited to a single area network.   

An optimization problem has been solved in [19] using the – Gbest-guided Artificial Bee Colony optimization 

algorithm (GABC) for analyzing the economic benefits in terms of fuel cost of power systems. The power 

formulation included both the expected penalty cost and expected reserve cost to model wind power generation 

instability applied on a single area network. The technique used in the work is a population-based algorithm. 

A Robust Economic/Emission Dispatch (REED) model integrating wind power was presented in [20] and 

solved by a Latin hypercube sampling (LHS) technique to achieve minimum running cost and emission 

reduction applied on a single area network. Analysis results showed total optimal solutions for objective 

functions is achieved in the presence of wind power uncertainties and flexible operation of a carbon capture 

and storage (CCS) which has advantages over various carbon reduction indices. The technique used in the 

work is population based algorithm, therefore, ideal optimal solutions are not guaranteed, due to their random 

nature. 

A new Multi-Objective Evolutionary Algorithm based on Decomposition (MOEA/D) optimization technique 

has been developed in [21] to solve a single area economic dispatch problem in optimizing the cost and 

emission of thermal power systems integrated with wind power units. The Weibull probability distribution 
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function is used to characterize wind power instability and system constraints with random variables are 

considered in the study. The analysis results reported in the work show that MOEA/D technique generated 

better minimum solutions in less computational time compared to other similar optimization methods. The 

technique used in the work is a population-based algorithm. 

The development of an optimal wind-thermal dispatch in isolated single area power systems solved by an 

iterative direct search method (DSM) was introduced by [22]. Simulations conducted gave information about 

the level of understanding of the wind generator capacity as related to production cost and planning issues. 

The technique used in the work is population-based algorithm and was mainly used on a single area network. 

The authors in [23] have solved dynamic economic emission dispatch (DEED) power system problems, which 

involve a constraint handling scheme introduced to deal with complex constraints using a Group Search 

Optimizer with Multiple Producers (GSOMP) evolutionary algorithm. The DEED is solved in time intervals 

which are structured into 24 divisions. Simulations were conducted on IEEE 30-bus and 118-bus systems 

respectively, to investigate the efficiency of GSOMP for solving DEEDs over those of multi-objective particle 

swarm optimizer (MOPSO) and non-dominated sorting genetic algorithm-II (NSGA-II). The technique used 

in the work is population based algorithm. 

A Gbest guided artificial bee colony algorithm for solving a single area environmental/economic dispatch 

considering wind power units has been presented by [24]. In this study, a Weibull probability distribution 

function is established in characterizing the random nature of the wind power. Both overestimation and 

underestimation costs of available wind power are calculated the optimization process. Three standard test 

systems which include different technical constraints such as valve loading effect, prohibited zones and ramp 

rate limits are considered to determine the effectiveness of the optimization method. The optimal results 

obtained using the proposed method are compared to other related optimization techniques and achieved better 

solution accuracy and convergence results. The technique used in the work is a population based algorithm. 

A new Strength Pareto Evolutionary Algorithm (SPEA) based approach has been proposed in [25] for solving 

Environmental/Economic power Dispatch (EED) as a multi-objective optimization problem with competing 

and non-proportionate objectives. A diversity-preserving mechanism to overcome premature convergence and 

search bias problems has been employed by the proposed approach. A hierarchical clustering algorithm is 

required to give the decision maker a representative and manageable Pareto-optimal set. Furthermore, this 

work employed the use of fuzzy set theory to extract the best compromise non-dominated solution. The 

proposed approach has been carried out on a standard test system to perform several optimization runs. The 

results reported show that the proposed technique demonstrated the ability to generate well-distributed Pareto-

optimal solutions of the multi-objective EED problem in a single run. The technique used in the work is a 

population based algorithm. 

A two-stage Stochastic Optimization has been proposed in [26] for solving Optimal Power Flow under 

Renewable Generation Uncertainty. For the two-stage stochastic classical economic dispatch problem with 

AC power flow constraints, a non-convex optimization formulation that is central to power transmission and 

distribution through an electricity grid was studied. The analysis show that the proposed method described 

was efficient and usable even when solving large practical problems. 

A multi area emission economic dispatch (MAEED) problem has been investigated and solved with a PSO 

technique in [27].  In this work, two objective functions which are fuel cost and emission objective functions 

are optimized simultaneously subject to system constraints such as generators power limits, power balance, 

tie-line and reserve power constraints. Also, a set of Pareto solutions from the MAEED problem is developed 

by PSO method. This study was tested on a 4 area 6-unit network to determine the efficiency of the proposed 

method and optimization results generated from PSO method are compared with other existing methods. 

A two area power systems economic dispatch problem subject to transmission capacity constraints was solved 

in [28] using a direct search method. This method has been used to solve different polynomial cost functions 
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subject to equality and inequality constraints. This work investigated the impact of tie-line capacity between 

the two areas on the total fuel cost for running the power systems. 

An algorithm called Ant Lion optimizer was considered in [29] for solving multi area multiple objective 

dispatch problems considering multiple fuel generating units, subject to multiple constraints. The best 

compromise solution is obtained from multi-objective problems by adopting a fuzzy decision mechanism in 

the algorithm. The efficiency of the method was validated on a standard 10 generating unit- network with a 

range of operational scenarios. Simulation analysis results show that the proposed method performed well in 

terms of quality compared to results obtained from the other techniques. 

A Real-Coded Genetic Algorithm has been proposed in [30] to solve multi area economic dispatch problem 

with tie-line constraint and other system constraints. The optimization results obtained from the proposed 

method are compared with particle swarm optimization using time-varying acceleration coefficients (PSO-

TVAC) to evaluate the performance of the proposed method. 

A multi area economic dispatch problem was proposed and solved in [31] using a Hybrid Cuckoo Searching 

Algorithm. This hybrid Cuckoo method involves the combination of Cuckoo searching algorithm and teaching 

learning based optimization method, to achieve better accuracy. The optimization results obtained from the 

hybrid Cuckoo method are compared with Cuckoo method and Teaching- learning based algorithm to examine 

its efficiency.  

Other area of applications of evolutionary algorithms in solving both single area and multi-area economic 

dispatch problems can be found in [32]−[37].     

3. The Existing Works on SDP Methods for Solving Single Area and Multi 

Area MOED Problems. 

As mentioned earlier, the semi-definite programming (SDP) method is a convex technique, not a population-

based algorithm and it has been useful in attaining global optimal solution over several runs if the formulation 

is convex and the relaxation is tight. Even for non-convex problems, semi-definite relaxation of the problem 

provides a convex estimate that gives an easily computable bound for the problem. 

A Semi-definite Programming (SDP) Weighted Sum Based Technique for Solving Stochastic Multi-Objective 

Economic Dispatch Problems Incorporating Combined Heat and Power (CHP) Units was presented in [38]. 

Simulations were conducted on a modified IEEE 6-unit and 20-unit single area network. The SDP technique 

achieved minimum cost objective function compared to other evolutionary methods reported in the literature. 

Results showed that the semi-definite programming based weighted sum method has inherently good 

convergence properties and can have its diversity property improved through weight adaptation. 

A semidefinite approach for solving stochastic multi-objective economic dispatch problem incorporating both 

CHP units and wind power units was proposed in [39]. The stochastic multi-objective model was first 

converted into its deterministic equivalent by taking the mean of all the involved random values assuming 

they are normally distributed. The multi-objective problem was recast in matrix form as a SDP relaxation 

problem and subsequently solved with a MATLAB programming suite. The system inequality and equality 

constraints uncertainty were entered into YALMIP, a linear matrix inequality parser. Simulations were 

performed on modified IEEE 6, 15 and 20 unit- networks with 2 CHP units and 20 wind parks for each of the 

networks. A comparative study was also conducted to demonstrate the effectiveness of the proposed method 

whereby the results of problem reformulations including stochastic and deterministic models of power 

dispatch were investigated and then compared with the results of the existing techniques reported. However, 

in the generation of the Pareto-front solutions, ideal minimum points were used in the determination of the 

maximum spread out of the Pareto solutions by the algorithm. This involves the use of a standard weighted 

sum method in generating the Pareto-optimal solution between two objective functions. The optimization 

results are within the order of magnitude 3.5% reductions in the case of the modified IEEE 6-unit system. 
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Additionally, the SDP method achieved the lowest values of the optimized objective functions and the Pareto 

set is formed faster in a single run compared to modified particle swarm optimization (MOPSO), genetic 

algorithm (GA) and weighted aggregated (WA) methods. 

High order polynomial functions expressing the fuel cost and emission objective economic dispatch models 

in a single area network have been solved using semidefinite programming technique, as reported in [40]. In 

this work, the polynomial functions of both objective functions are approximated to a single objective function 

using a weighted sum method. The standard polynomial functions are converted into SDP formats in a matrix 

representation. Different degrees of approximations of problems in SDP format are solved with a semidefinite 

programming technique. Simulations were conducted on IEEE 6- and 13- unit systems respectively, to 

evaluate the effectiveness of the proposed methods, compared to other evolutionary methods reported in the 

literature. The optimization results obtained from SDP technique show improved convergence properties and 

better exploration of solution points on the Pareto front compared to other methods. 

In the paper, “Semi-Definite Programming in solving Power Output Control problem in a Wind Energy 

Conversion System” [41], the stochastic nature of wind speed fluctuation on control inputs and system outputs 

has been addressed using random constraints instead of deterministic constraints forms in the prior literature. 

In addition, two different models are considered namely, Gaussian distribution for the norm bounded wind 

speed measurement error, and the formulation of the problem as a min–max optimization problem. The models 

are then reformulated as semi-definite programming optimization problems that can be solved effectively with 

existing software tools. Conclusively, the simulation results presented show the efficiency of the proposed 

technique. The results presented in this work were on a dynamic wind energy conversion system. Other 

application of SDP on MEED problems are presented in [42]. 

4. Proposed Candidate SDP Approach for Solving Multi-Area Economic 

Dispatch Problems 

Semi-definite programming (SDP) is considered to be an extension of linear programming. SDP is a convex 

optimization technique that minimizes objective function(s) subject to the constraint that an affine 

combination of symmetric matrices is positive semidefinite [38]. In addition, the componentwise inequalities 

between vectors are substituted by matrix inequalities, or similarly, the first orthant is replaced by the cone of 

positive semidefinite matrices  

SDP relaxations for minimizing a nonconvex quadratic function are given as follows [38]: 

min{  𝑥𝑇𝛾𝑖𝑥 + 𝛽𝑖
𝑇𝑥 + 𝛼𝑖}  

                                             𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜    𝑃𝑚𝑖𝑛 ≤ 𝑃�̅� ≤ 𝑃𝑚𝑎𝑥                            𝑖 = 1,2, … 𝑁        (1) 

𝑋 = 𝑥𝑥𝑇 

where 𝑥 ∈ ℝ𝑛, 𝛾𝑖 ∈ ℝ𝑛𝑥𝑛, 𝛽𝑖  ∈  ℝ𝑛, 𝛼𝑖 ∈  ℝ𝑛 𝑎𝑛𝑑 𝑃�̅� ∈  ℝ𝑛.  The Eq. (1) is non-convex optimization 

problem, which is difficult to solve if the problem is not a positive semidefinite.  It is best to relax Eq. (1) to 

a convex optimization problem so as to achieve a global optimal solution for the problem in (1), which 

generates a tight lower bound on the optimal value with reduced computational time. Also, the equality 

constraint in Eq. (1) is replaced by a semidefinite inequality 𝑋 ≥ 𝑥𝑥𝑇 which should be included to obtain an 

SDP relaxation. However, (1) becomes; 

min{  𝒕𝒓𝒂𝒄𝒆〈𝜸𝒊𝑿〉 + 𝛽𝑖
𝑇𝑥 + 𝛼𝑖}  

                                             𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜    𝑃𝑚𝑖𝑛 ≤ 𝑃�̅� ≤ 𝑃𝑚𝑎𝑥                             𝑖 = 1,2, … 𝑁    (2) 

(1   𝑥𝑇

𝑥     𝑋
) ≥ 0 
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Finally, the quadratic expression in Eq. (2) can be expressed in internal SDP matrix form as follows [38]: 

min 〈[
𝛾𝑖 𝛽𝑖

 𝛽𝑖
𝑇 𝛼𝑖

] [1   𝑥𝑇

𝑥     𝑋
]〉  

                                             𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜    𝑃𝑚𝑖𝑛 ≤ 𝑃�̅� ≤ 𝑃𝑚𝑎𝑥                            𝑖 = 1,2, … 𝑁     (3) 

(1   𝑥𝑇

𝑥     𝑋
) ≥ 0 

A particular problem with existing evolutionary algorithms, is their inability to generate a single ideal optimum 

solution as they require multiple run and different solutions are obtained in each run. Therefore, this leads to 

keeping of statistical data for finding the best and worst optimal solutions.  

As shown in the above survey, the SDP approach has produced reliable results for single area economic 

dispatch problems, associated with the convex non-iterative optimization. 

We therefore propose to use a linear bi-objective multi-area economic dispatch problem, reformulated in SDP 

format by converting the problem into its matrix representation as a SDP relaxation problem using a MATLAB 

suite, with the system equality and inequality constraints entered into a SElf-DUal MInimization (SEDUMI) 

parser. Two main cases will be considered. 

1. Simulation analysis will be conducted on an IEEE 16-unit system interconnecting four zones to form 

a 4 area network, as well as on an IEEE 4 areas 40-unit network, with 10-units in each area, to 

investigate the performance of the SDP method in terms of accuracy and computational efficiency.  

2. The results of problem formulations for different cases of both tie-line and without tie-line  capacities 

models respectively on power dispatch using SDP technique will be investigated and also, the optimal 

solutions for different objective functions obtained from the proposed SDP technique will be 

compared with the Multi-objective Particle Swarm Optimization (MOPSO), Multi-objective 

Evolutionary Algorithm (MOEA) and Weighted Aggregation (WA). 

The SDP approach is expected to yield minimum fuel cost and reduced emission objective functions for 

different cases of both tie-line and without tie-line transfer capacities respectively when compared with the 

optimization results from other methods reported in the literature. 

In conclusion, we expect that the SDP technique will be able to give an overall reduction in the fuel cost of 

the power systems obtained when the tie-line power sharing between areas is considered in the optimization 

model compared to the case when the tie-line transferred power is not included in the optimization 

formulations. Finally, the SDP approach will be able to achieve better accuracy and generate the lowest cost 

compared to other methods. 

Future work will present the importance of transfer tie-line capacity constraint when considered in the 

optimization model and its contribution to optimum production of power generation, total running cost and 

emission reductions using semidefinite programming. A block diagram of the proposed SDP approach is 

shown in Fig. 1. 
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      Figure 3. The block diagram for the MAEED Problem solutions using the SDP approach 

5. Conclusion 

This survey has discussed a number of studies that have addressed both single area and multi area economic 

dispatch problems and some of the existing optimization methods involved in solving these problems. It also 

addressed the way forward in handling multi area economic dispatch problems and has the potential to 

generate better solutions and can achieve global optimal solutions, improve performance and convergence 

speed. These solutions will assist the power systems administrator to achieve an improved decision that will 

lead to a more effective dispatch of power. 
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